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Oscillating Two-Dimensional Hypersonic Airfoils at Small
Angles of Attack

Hamdi T. Hemdan*
King Saud University, Riyadh, Saudi Arabia

Pitching oscillations of two-dimensional pointed-nose thin airfoils with small surface curvature are considered
in this paper. The analysis relies on recently developed theories for steady and unsteady hypersonic flows past
such airfoils. For small surface curvature 7 and small reduced frequency &, a double series in 7 and k is assumed
here and shown to lead to very simple systems of linear equations having first- or second-degree polynomial
solutions. Thus, simple closed-form formulas for the unsteady surface pressure and the stability derivatives of
any curved nonsymmetric airfoil (with different upper and lower surface shapes), pitching at a small angle of
attack, are obtained. Results for symmetric wedges at zero incidence are compared with other available
analytical and experimental calculations and the agreement is found to be generally good.

1. Introduction

ECENTLY,!** new hypersonic approximations were pre-

sented for steady and unsteady flows past pointed-nose
thin airfoils at small incidence. Through careful investigation
of the order of magnitude of the various terms of the steady
and unsteady inviscid flow equations and boundary condi-
tions, it was possible to reduce the steady flow equations to a
form somewhat similar to the hypersonic small disturbance
theory (HSDT), but with the additional advantage of obtain-
ing a first integral whereby the density was eliminated from
the formulation, thus reducing by one the number of un-
known functions [see Ref. 2, Egs. (6)].

The unsteady flow approximate equations [Ref. 3, Egs.
(14-16)] are linear and were used® to derive a zeroth-order
unsteady Newtonian theory showing the effect of surface cur-
vature but not showing the effect of v and M., where v is the
ratio of the specific heats of the gas and M, is the freestream
Mach number. In Ref. 4, the unsteady theory was further
restricted to moderate supersonic Mach numbers [Ref. 4, Egs.
(17-28)]. Simple closed-form formulas for the stability deriva-
tives were found and used to present results for the stability
derivatives and the neutral stability boundary.

Unsteady supersonic flow has received great attention in the
literature over the past decades. Besides the potential flow
theory’ and the HSDT,® the perturbation approach has been
extensively used to study unsteady flow past oscillating wedges
(and delta wings and circular cones). Thus, there exists the
theories of Appleton,” Mclntosh,® Orlik-Riickemann,® and
Hui,'*'2 among others.'>'* The effect of viscosity on the
stability of wedges was also considered by Orlik-Riickemann!’
and by Hui and East.!¢

Recently, Hui and Tobak!” and Hui!® presented interesting
theories extending the Newton-Busemann pressure law to un-
steady flow past pitching oscillating two-dimensional airfoils.

The case of pitching oscillations at moderate or large angles
of attack was also considered by Hui and Tobak!® for an
aircraft and Hui et al.2° for three-dimensional flat wings,
whereas the case of a two-dimensional airfoil at such angles of
attack was considered by Hemdan.?!

The purpose of this paper is to find solutions to the un-
steady flow theory given in Ref. 3 by covering the range of M,
extending from moderate supersonic Mach numbers to New-
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tonian flow, thus including the results of Refs. 3 and 4 as
special cases. In Sec. II, we give a brief summary of the
unsteady hypersonic theory and derive a first integral for it. In
Sec. II1, the unsteady equations are perturbed for small 7 and
small £ by assuming a double series expansion in the two
parameters. In Sec. IV, simple closed-form formulas for the
unsteady surface pressure are found and used in Sec. V to find
the stability derivatives of any nonsymmetric curved airfoil. In
Sec. VI, we present results for the stability derivatives and
compare our results for wedges pitching at zero incidence with
other available results. In Sec. VII, we give some concluding
remarks.

II. First Integral for Unsteady Flow

Consider a two-dimensional pointed nose thin airfoil of
length / to be making small amplitude pitching oscillations
about an axis at a distance % from the leading edge (see Fig. 1).
Let the approaching supersonic stream be at a small angle of
attack &. A shock wave will be formed below the lower surface
of the airfoil and, depending on the relative values of & and
the upper surface initial angle, the upper surface may also
have a shock wave. Assuming that the shock waves are at-
tached to the apex, the two surfaces of the airfoil will act
independently and we may consider the lower surface only.
Choose a coordinate system Oxy fixed in space such that O
coincides with the airfoil vertex, the Ox axis coincides with a
reference direction, and the Oy axis points downward.
Through careful analysis of the shock wave relations and body
boundary condition, for both steady and unsteady flows, a
characteristic perturbation parameter ¢ was defined?® by

y—1 2
7 1)
(v + DM,

and was used to derive the steady flow approximate equations
under the assumption that (y — 1)M2 and F,(%)/Ve, and a/Ve
are fixed as e—0 (that is, as y—1 and M, — ), where F, (%) is
the physical equation of the airfoil. Further, for the unsteady
flow, the amplitude of pitching oscillation was assumed to be
e, where X\ = \,e’“’, A\, < 1, is the amplitude of oscillation, w
the circular frequency, / the imaginary unity, and 7 the time
variable. During its oscillatory motion, the airfoil surface can
be approximated by

FxD =F,(®) + Ne(h — %) + O(\2ed) )

Consistent with the assumption that F,(x) is O(Ve) used in
deriving the steady flow equations, the following nondimen-
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Fig. 1 Oscillating wing geometry and coordinate system,

sional variables and angle of attack were used in the derivation
of the unsteady flow equations

¥y - Ae(h — X)
* y - [\/Z b
where U, is the freestream speed. The variables x, y, and « are

assumed to be O(1) in the flowficld as e or A, —0. At the wing
surface we have

; U
X = -, o=
!

3

~ |

sle

_F,(®
Y e

=Gx)

The asymptotic expansion as e—0 and A\, —0 should thus be
expressed in terms of x, y, and ¢. The following perturbation
expansion was proposed® to describe the unsteady flow past
pitching oscillating thin supersonic airfoils

A%y—t) = [1+ eu(6y) + O] + N2Ui(x.y)

+ O(\?)] @)
V(jzc}y—’ 2 Ve (sy) + 0@ + eVitsy) + 00T (@b)
!&C}y—ﬂuz—% = [p (%)) + O] + N?Pi(x,3)

+ O\ @)

PEPD _ 1 y) + 0] + INeR((xy) + OOED]  (4d)
S(J_;,t) _ [\/?S(x) + O] + [Ne(h ~ x + Si(x))
+ O] @)

where h = h/l, k = wl/U,, k is the reduced frequency, and
P, and p, are the freestream pressure and density, respec-
tively. In Eqgs. (4), the first square bracket gives the steady
flow expansion and the second square bracket gives the un-
steadiness perturbation. The steady flow functions u, v, p, p,
and S are assumed to be O(1) as ¢e—0 and the unsteady flow
functions U, V;, Pi, R, and S, are assumed to be O(1) as
e—0and A\, —0. A basic assumption in Egs. (4) is that they are
uniformly valid in the flowfield of interest bounded by the
lower surface of the airfoil and the shock wave. A nonunifor-
mity might be expected for larger values of e, specifically as
e—1 (since 0<e< 1 for supersonic flow).

Substituting Eqgs. (4) into the unsteady inviscid nonheat
conducting governing equations, the body boundary condi-
tion, and the shock wave relations, and retaining the lowest
order terms in ¢ and A,, a system of approximate equations for
the steady flow was found.? In Ref. 2, a first integral to it was

obtained as p =1+ (1 + N)p (N is a constant defined later),
thus reducing the steady flow to the following system 1 of
equations:

System 1:
Dy + VB, +v, =0 (5a)
np, + vy + vy, =0 (5b)
v, G(x)] = G’ (x) ©)

VI Se)l =S’ (x) — aT N)[; TS5 (7a)
PISx)] = 2tle + S’ (x)) (7b)
where

N= <—7 - 1>M§,
2

P(x.y)=tin + p(x,y)]

Besides the steady flow equations, we get the following system
2 of equations and boundary conditions for the unsteady flow:

System 2:
py[Vl +1- Ik(h - x)] + ,DVly + Vle + IkR1 + Rlx

+ VR, =0 (8a)
. Dx 1 1 i
w,[Vi+1-ik(h—x)] =R, +-—py + Py + ikUy + Uy,
p p o
+vU, =0 (8b)

R
v lVi+ 1 —ik(h—x)] + vV, + Vi, + ikV, — ——21-py
p

1
+=Py, =0 (8c)
o

pylVi+ 1 —ik(h—x)] + ikP) + Py, + VP, + v, Py

1 1 . .
__[p 3 +N:|{vyR1 +py[Vy + 1 — ik (h—x)] + ikR,

P
+R1X +VR1y} =0 (8d)

aty = G(x),
V,=ik(h—x)—1 )

aty = S(x),
Py =2(a + §7)¢(x) — Sipy(x,S) (10a)
R, =2(1 + N)(a + S )(x) — Sip,(x,S) (10b)
V1=¢>(X){1 +m] - S, (x,S) (10c)

U= -~ 8u,(x6S)+(a+S)1-S{)— S ¢(x)

o a-=-sn S'éx)
A+MN)Na+S) (I+NWa+S')

(10d)

where

d(x)=8S{(x) — 1 + ik[h—x + Si(x)]
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[and the positive sign of the term v, P, in Eq. (8d) corrects the
negative sign given in Ref. (3)]. System 1 is nonlinear and gives
the steady flow past pointed-nose thin airfoils at small angles
of attack. It has been studied in detail in Refs. 1, 2, 22, and 23.
System 2 is linear and gives the unsteady flow past (small
amplitude) pitching oscillating thin airfoils at small incidence
provided that the shock wave is attached. Notice that U, is
decoupled from the equations of system 2, therefore Egs. (8b)
and (10d) will be disregarded in what follows. It was noted in
Ref. 1 that, although the limiting process that led to system 1
is rather unusual, it is sound and has, among other verifica-
tions, given a correct Newtonian limit when a further expan-
sion based on the limit V — oo was applied to it. In fact, in this
case, the equations are reduced to Cole’s** zeroth-order New-
tonian theory. Other results of system 1 at moderate and
hypersonic speeds have shown very good agreement with other
exact and approximate theories. System 2 was used?® before to
derive a zeroth-order unsteady Newtonian theory by taking
the additional limit N — oo, whereas in Ref. 4, the limit N—0
was applied to it to obtain approximate equations applicable
at moderate supersonic Mach numbers.

It is the purpose of this paper to study system 2 for the full
range of N in order to cover hypersonic speeds as well, thus
including the results of Refs. 3 and 4 as special cases. First, we
make the transformation

1

nE=TTN R(x,y) = nR(x,y)

Equations (8d), (10a), and (10b) become

8 9 @ _
<ik+— > +—3>(P1—R):0 (11a)
dax ay  dy

Py, SCoOl = 2[ec + S (0)]o(x) — SixIpy [x,S(x)]  (11b)
RIS = 2[a + 87 (0)lp(x) — nSi(X)oy [x,S(x)]  (11¢)
Equations (11a-c) imply that the functions P, and R are
equal all over the flowfield. By this first integral, we get rid of
the function R and reduce system 2 to the following simpler

form:
Unsteady flow:

{expB)[ V) + 1 + ik(x—h)]}, + (v, + IK)P + Py,
+ VP, =0 (12a)
Vv[Vi+ 1+ ik(x—h)l + vVi, + Vi + ikV)
+ [Py exp(=p)l, =0 (12b)
Vilx,G(x)] = ik(h—x) — 1 (13)

Pilx,S(x)] = 2(a + S o(x) — 8$19,(x, ) exp[f(x,S)] (14a)

n
— | - Sy, (x,S 14b
(a+S,)2] ¥ (6,S) (14b)

III. Perturbation Scheme
In this section, we seek a solution to Egs. (12-14) as a small
perturbation from some basic wedge flow for airfoils that are

slightly curved. First, for such airfoils, a solution to the steady
flow equations was assumed? as

Vil S(x)] = ¢(x)[1 +

Vvxy)=v, + mxvi(y) + 2x(n) + . .. (15a)
Py) =p, + mxpi(n) + 72xXpy(m) + . .. (15b)
F(x)=Bx +x*+ b3+ ... (15¢)

S)=Ax + Ayrx* + Arx3 + ... (15d)

where 7 is a similarity parameter defined as 4 = y/x, and p,,
Ve, B, and A are constants giving the basic wedge flow,
whereas v,, v,, 1, and p, are functions of the single variable
7, which are assumed to be O(1) as 7—0. The body constants
B, 7, and b are assumed to be known, whereas the shock wave
constants 4, A,, A, are to be found as part of the solution.
The results of this approach have shown very good agreement
with other exact and approximate methods (see Ref. 23),
especially at hypersonic Mach numbers. Here, we restrict
ourselves to terms O(7) only and neglect second-order terms in
Egs. (15). Following the same lines, we assume the following
perturbation expansion to the unsteady flow equations (12-14)
as 7—0 and £k —0

Pi(x,y)=1[r, + Tr(6y) + . . )+ ik[r(x,») + 1r3(x,)

+...]+ 0k (16a)

Vike,y) = [go + 78206¥) + . . .1 + ik[gi(x,p) + 783(x,»)

+...]+0(k? (16b)

Si(x) = [Ax + m5:(x)] + ik [s1(x) + 785(x) + . . .]

+ O(k? (16c)

where r,, g, and A, are constants corresponding to the un-
steady basic wedge flow, and the functions ry, g,, and s; give
the wedge perturbation and are assumed to be O(1) as k—0,
whereas the functions 7, r3, g2, 81, 52, and s3 give the effect of
surface curvature and are also assumed to be O(1) as 7 and
k—0.

Substituting Egs. (15) into Egs. (5-7) and equating like
powers of 7, a set of equations for steady flow has been
found,?* which will not be written here. We only write the
needed results as follows.

v, =B,

A=W[B~a+VB + o) +4n]

Do = 2t + A)

vi(n) = ay + o, M =cm + ¢
2B -2

n—(A— By
Co=—""—10up, =", | I ——
n + 3(A — By

2
010=2—Ba1, (Xl:;(B—A)(I'i‘ZAI)

Similarly, substituting Eqgs. (16) into Eqgs. (12-14) and equat-
ing like powers of 7, k, and 7k, we first get

(17a)

n
go=—1=(Ao—l)[1+(a—+A—)Ej|

o =2(a+A)4, - 1) (17v)

The solution of Egs. (17) is given by
B n
Tn4(a+ AP

N 2+ A)
T H+(a+ AP

Q

o
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We then get the following A4, B, and C sets of equations:
Set 4:

(oz+A)2gU, +r1x+Br1y=—ro (183)
Bg, + g1 + mru = —& (18b)
gix,Bx)=h—x (18¢)

rOaAX) = 2(a + A)s{ + h—x + AX) (18d)

QG AX) = (s + h—x +A,,x)[1 +(aﬁ)—2] (18¢)

Set B:
(o + AYgoy + 1oy + Bryy = —air, (19a)
n ncyr,
Bg,, + + = 19b
82y + &ox (a+A)2’2y @t Ay (19b)
&(x,Bx)=0 (19c)
ryx, Ax) =2(a + A)s; +4A4,(4, — )x
—c Ao+ APx : (19d)
—4nA(A,— Dx
&(x, Ax) = ﬁi—/‘l’);_ — Ayaix
+s'[1+——"—~—] (19)
T @ AR
Set C:
(a+ AYgsy + 1y + Bryy, = — (@ + A)?[cl(gl —h+x)
+ g (e + X))l — ayry — ra — (ay + agxdry, (20a)
n
Bgs, + g3 + mr3y = ay(h—x—g1) — (oy + a,X)gyy
n
—&+ m[cm + (e + cox)ry ] (20b)
g(x, Bx) = —x%g,(x, Bx) (20¢)

ryx, Ax) = 2a + A)s3(x) + s2:(x)] — Aix?ry, (x, Ax)
+4A4Ax[s{(x) + h—x + Ax] — ci(a + A Vs (x) (20d)

&(x, Ax) = —Aixg,(x, Ax) — aisi(x)

n
+ [s3(x) +s2(x)][1 + m}

4nAx | »
- m[sl x)+h—x + Ax] (20e)

IV. Solution for Curved Airfoils

Sets A, B, and C are linear with constant coefficients and
their boundary conditions are quite simple, therefore, their
solutions are straightforward. First, the shock waves s1(x),
$5(x), and s3(x) could be eliminated from the formulation.
Starting with set 4, and upon eliminating s (x) from Egs.
(18d) and (18e), we get

ri(x, Ax) + r,g,(x, Ax)=0 21

It can easily be shown that the solution of Egs. (18a-c) and
(21) exists in the following form

nex, yy=r+fx +Ffy (22a)
g1l y)=8+8x + &y (22b)
where 7y, |, 1, 81, 81, and g, are constants. Substituting Eqgs.

(22) into Egs. (18a-c) and Eq. (21) and equating like powers of
x and y, we get

2
gi=h, Fi=-rh, '71=;(01"'A)2

—2nr, + 2A—B)(a + A
ni(a+ A= ry(A—B)]

&1 =

2
fi=-1-Bg, A=r—>Ala+A)-r&(A-B)

Set B can be solved the same way. Thus, upon eliminating
s3(x) from Eqgs. (19d) and (19¢), we get

ra(x, Ax)'+ rogxx, Ax) = Bx 23)
where
4nA(A, - 1)
B= —ro[Aoozl + W} +44,(A4, - 1)
— A (a + A

and the solution of Eqs. (19a-c) and Eq. (23) can be assumed
as

&x, ¥) =8 + §x + £y (24a)

rz(x, y)=72+f2X+FLV (24b)

where g5, £, £, T2, F2, and 7, are constants. Following a similar
procedure, we get

2 =FHh=0, BR=ar,

&= —Bf, Py= —rolay + Be) — (e + AV,
. Foleld—-B)—oq] = B
&2

T (a+ AP —~r,(A—B)

Finally, to solve set C, we first substitute the previous results
into Egs. (20) and eliminate s3(x) to get

(@ +A)Vgsy + 13 +Bry, =L, + lix + by (25a)
n .- -

Bgs, + g3 + mrg,y =/, +lx+bLy (25b)

g(x, Bx) = —gix? (25¢)

ry(x, AX) + rogs(x, Ax)y = (I, + rolp)x + (h + roh)x?  (25d)
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where
24,1,
(x+ A)

i0=

— e+ AV

- . 2A,

(a+A)

(fl +f1A)’—C'](a +A)21]*

2nA 1

m(ﬂ + RA)

5= —A1§1~a11f—
L=—==
2(a+ A)

1,_1[ (@+ AP  A+RA
T2l n e+ AP 2+ A)

[0 = (Xlrah

ll = (CK +A)2C13g~1 -~ C!]f] — ;'\2— Fia, —cog”l(oc +A)2

12 = ~ 261g~1(oz +A)2 - 2&1f1 — Cr,

s = ncryh
T (a+ AP
- ~ - nefy nfc, N
l, = o,Bg, + Bg, + ~
1= 1By 82 @+ AP (@+ AP 0o&)
- 2nC1f:1
L= -2 —&6H+——
2 a8 — &2 @+ Ay
The solutions of Eqs. (25) exist in the form
&0x ¥) = g% + &Xy + g+ X + By (262)
r(x, ¥) = 53X + p3xy + pay? + p3x + pyy (26b)

where g; and p; with superscripts 7, 7, 7, *, and >* are constants.
Following a similar procedure to that used earlier, we first get

* 70
Bi=2(a+AY
n
. [A+4)-BA — B)1ps
3= T A—B—(a+ A)]

lo(A — B) = (o + roly)(a + A
[A—B—(a+A)]

then the constants g, 83, £3, 93, 03, and ps are to be determined
by the following linear equation

~ N oo i
0 @ 0 B 2 0] (g I
2q, 0 0 1 0 2B &3 b
2B 1 0 0 0 ZQZ P3 [2
qs qs re A 1 A% |p; h

\_BZ -B -1.0 0 OJ Lﬁ3) Lg‘-lz

where
@ =(a+AY, g =n/(a+ Ay
g3 =Tr,A2, qs=T,A
L=1h+rk

Equation (27) can easily be solved using a digital computer.

V. Stability Derivatives of Nonsymmetric Airfoils

The unsteady lower surface pressure coefficient will be de-
noted by C,,, where / refers to the lower surface. As usual, Cp
is defined by

C _1—)[)_(,‘ F’I(-’—C) 2)’ ;] _Pc::
" Vape U2

= 2epi[x, G ()] + 2N 2Py [x, Gi(x))

= Cpo[ + 2)\[63/2P11[x, Gl(x)]

where p;, Py, refer to values-of p and P, at the lower surface
Fi(x, D) or G,(x), \, is the lower surface amplitude of oscilla-
tion, and C, , is the lower surface steady pressure coefficient.
Similarly, the upper surface unsteady pressure coefficient C,,
can be defined. Now,

(Cor = Cpu) = (Cp,, — Cp, ) = 202 (Pylx, Gi(x)]

+ Plu [x; Gu(x)]}
The coefficient of pitching moment C,, is defined by

_ M
Vapo, USI?

m=

where M), is the pitching moment per unit length. Using previ-
ous results for the surface pressure coefficient, we get

1

Cp= S [(Cp! - Cpu) - (Cpo, - Cpou)](x'_h) dx
0

1

= 2)\63/2§ =) {Pylx, Gi(x)} + Pulx, G,(x)]1} dx
0

Since the unsteady perturbation pressure P;(x, ¥) has been
found, there is no difficulty in finding C,, in closed form.
Now,

Cr = Ne[Crg + ikCl
where — C,p and — C, are the stiffness and damping deriva-

tives, respectively.
After some calculations we get

~Cp, = Ve2h — DE(r, + 77)

+ @(h - %)):T(fz + BF) (28a)

2 *
_Cmé: \/?(2’1 — I)Ef'] + @(h - §>E(f1 +Bf1 + 703

. 21
+7BpY) + ¢Z<§h - 5)27(53 + Bj; + B%py) (28b)

In Egs. (28), the summation is taken over the upper and lower
surfaces of the airfoil. Equations (28a) and (28b) give simple
closed-form formulas for the stiffness and damping deriva-
tives of thin pointed-nose airfoils making small-amplitude
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Fig.2 Comparison for — Cp, for a symmetric wedge (6 = 6.85 deg,

@=0;v=14; Mo = 2.47): — Eq. (302); - - - Hui!%; o Pugh and
Woodgate (experiment); — — piston theory.
- _Cmé )

0.1 L 1 a 1 . 1 L 1 1 )

Fig. 3 Comparison for the damping derivative of a symmetric wedge
0 =10 deg; & = 0; v = 1.4; Mo = 3): —— Eq. (30b); - - - Hui.10

pitching oscillations at small angles of attack. The two sur-
faces of the airfoil are curved and their equations can be
different. Notice that the constants in Eqgs. (28a) and (28b)
(except # and ¢) will have different values for the two surfaces
because of the angle of attack and different shapes of the
upper and lower surfaces. At the range of (small) angles of
attack considered here, the effect of the two surfaces of the
airfoil on the stability derivatives should be taken into consid-
eration and it is very likely that they will have different shapes.
The special case of a symmetric curved airfoil at zero incidence
will have F,, = F; and & = 0; thus, the stability derivatives in
this case will be

= Cpy=2Ve(2h — 1)(r, + 775)
2\ . N
+ 2\/€r<h - 5) (7, + BFy) (29a)
2 ~ - *
—Cpy= 2We(2h — DF + 2\/?< — §>(r1 + BFy + 7p3

R 4
+ 7Bp3) + \/€_T<§h - 1>(;>3 + Bjs + B%p;) (29b)

057 Stability derivatives

0.3 4

0.1

~0.1 4

_0.3 -

~0.5 -

Fig. 4 Comparison for the stability derivatives of a wedge (6 = 4.75
deg; & = 0; vy = 1.405; Mx = 9.7): — Egs. (30); - - - Orlik-Riicke-
mann.?

25  —Cpg

2.0

1.5

1.0

0.0

Fig.5 Comparison for the damping derivative (=0, y=1.4,
M, = 17): — Eq. (30b); - - - Hui.l0

The special case of a symmetric wedge at zero incidence can be
recovered from Egs. (29) by setting 7= 0; thus, for such
wedges, we have

1 8veA?
—Cpy={z=h)—=
o <2 >n + A2 (302)
8VeA? h S
—C,,,B=n +Az[hz—z—ro(ro + 71 + BFy)
1
e Gl BFI)J (30b)
3r,

VI. Results and Comparisons

In this section, we present results for the stiffness and
damping derivatives of symmetric and nonsymmetric curved
airfoils at small angles of attack. We also compare the theory
with the available results for symmetric wedges at zero inci-
dence.

Figure 2 compares Eq. (30a) for the stiffness derivative with
Hui’s!” theory, the piston theory, and the experiment of Pugh
and Woodgate.?® (In Figs. 2-5, 0 refers to the wedge semiver-
tex angle.) The agreement with the piston theory is shown to
be good, but with Hui’s theory and experiment the agreement
is only modest. This could possibly be due to M., being too
low for the present theory to hold out. Figure 3 compares Eq.
(30b) for the damping derivative with Hui’s!® theory. Again,
the agreement is shown to be modest.

In Fig. 4, Eqgs. (30a) and (30b) are compared with Orlik-
Ruckemann’s® theory (complete result including wave reflec-
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Fig. 6 Effect of surface concave and convex curvature on —C,,
(Fu =0; F1 =0.1x + 7x%; &= 10 deg; v = 1.4; Mo, =5):
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Fig. 7 Effect of surface concave and convex curvature on the damp-
ing derivative: £, = 0; F; = 0.1x + 7x2; @ = 10 deg; y = 1.4; M = 5.

tions). The agreement is seen to be almost perfect because the
values of the wedge angle (9.5 deg) and M, (9.7) are quite
appropriate for the application of the present theory. Figure 5
compares Eq. (30b) with Hui’s!® theory for various wedges
and for # =0 and 1. Only modest agreement is obtained,
which improves for small wedge angles. Since M, is high in
this case, greater agreement was expected at least for small
values of 8. The reason for the modest agreement obtained is
not clear.

Figures 6 and 7 show the effect of surface concave and
convex curvature on the damping derivatives of a nonsymmet-
ric airfoil. Figure 6 shows that the aerodynamic center is not at
h = 0.5 (as for wedges) but moves a little backward for con-
cave airfoils and a little forward for convex airfoils. Similar
results were obtained in Ref. 21 for airfoils oscillating at
moderate or large angles of attack in Newtonian flow, but in
Ref. 4 (where the main steady and unsteady theories used here
were further approximated for n —0 for moderate supersonic
speeds at zero incidence), the aerodynamic center was found
to be at 2 =0.5 for concave, convex, and wedge airfoils.
Figure 7 shows that convex curvature makes the airfoil less
stable dynamically for pivot positions near the leading edge.
Similar results were obtained in Refs. 4 and 21 (in Ref. 4, this
occurs for all pivot positions).

Figure 8 shows that not only convex curvature reduces the
stability derivative for pivot positions around the leading edge
but it also tends to make the pitching oscillations dynamically
unstable for certain pivot positions near the leading edge.
Similar results have been obtained in Ref. 4 (see Ref. 4, Fig.
5); whereas in Ref. 21, it was found that, although convex
curvature decreases the damping derivative for certain for-
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Fig. 8 Effect of surface convex curvature on the damping derivative:
Fy, =F =0.2x + 7x% a =10 deg; v = 1.4; Mo = 5.
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. Fig. 9 Schematic layout of present theory (—— small &) and that of
" Ref. 21 (- - - moderate or large &): F, = F; = 0.15x + 7x2; v = 1.1;
My = 6.

ward pivot positions, it is the concave curvature that tends to
make the pitching oscillations, with pivot positions near the
trailing edge, dynamically unstable (Ref. 21, Fig. 5). Figure 9
is a schematic diagram illustrating these conclusions.

Figures 10-12 show, respectively, the effect of the angle of
attack on the damping derivative of 1) a symmetric convex
airfoil, 2) a nonsymmetric convex airfoil, and 3) a symmetric
concave airfoil. The three figures show that the angle of attack
tends to increase the dynamic stability of concave or convex
airfoils for pivot positions given by 2 < ~ 0.7. It should be
noted that the angle-of-attack effect is the same as the effect
of increasing the airfoil lower surface thickness and decreasing
its upper surface thickness, both with the same &, because of
the shock wave attachment assumption used. However, it is
very convenient to have the angle of attack explicitly in the
formulation.

Finally, in the absence of other theoretical or experimental
results (one would expect the existence of few experimental
results in research laboratories) to compare with the present
theory in the case of curved surfaces, it is necessary to state
clearly and emphasize the assumptions on which the theory is
based. First, the limit y—1 and M, was applied to the steady
governing equations in such a way that (y — DM32, F,(®)/Ve,
and &/Ve remain fixed, where e is the basic perturbation
parameter defined by Eq. (1). Second, the unsteady theory is
based on the limit A\, —0 with the assumption that the ampli-
tude of oscillation is equal to A\ e. Finally, the limit 7—0 and
k —0is taken in this paper. With orders of magnitude as given
earlier, the correct range of use of the theory should have y—1
and M,— o and all of the parameters &, airfoil thickness,
slope, curvature, \,, and & should be small.
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Fig. 10 Variation of —Cp, for a symmetric convex airfoil
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Fig. 11 Variation of - Cp, for a nonsymmetric convex airfoil
Fy = 0.05x —0.01x2 F; = 0.2x — 0.02x?; y = 1.105; Mo, = 7.
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Fig.,12 Variation of —C,, for a nonsymmetric convex airfoil
Fy = F; =0.1763x + 0.03x2; y = 1.105; Mo =17.

VII. Conclusions

Simple closed-form formulas for the stability derivatives of
small-amplitude pitching oscillations of thin sharp-edged non-
symmetric airfoils at small angles of attack are given in this
paper. The analysis relies on recent hypersonic steady and
unsteady theories based on the limit y—1 and M,— o such
that (y—1)M2, F,(%)/Ve, and a/Ve, remain fixed, and \, is
small. Further, a perturbation expansion is given here based
on the limit 7—0 and k —0 and, therefore, is applicable for
airfoils with small surface curvature oscillating at small re-
duced frequency. A first integral for the unsteady governing

equations is obtained whereby the density is eliminated from
the formulation and the equations are reduced to linear partial
differential equations with constant coefficients for which
first- or second-degree polynomial solutions are assumed. Re-
sults for symmetric wedges at zero incidence are compared
wtih other available theoretical and experimental results and
the agreement is found to be generally good.
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